The two-level constant-elasticity-of-substitution function has been introduced by Sato (1967) almost a decade ago. Since then most of its applications are to be found in the literature on consumer behavior. Sato gives estimation results •for the two-level CES production function, that are based on the first order conditions for a cost minimum under the assumption of perfectly competitive markets of factor supplies. The absence of direct estimation resultsl[direct in the sense of Hodges (1969) ], may well be explained by the usual difficulties which are encountered when estimating an intrinsically non-linear relationship, such as the one at hand. Moreover this particular function is typical in that it reduces to the ordinary CES production function for a certain combination of the parameters, which is liable to present additional difficulties, in particular when the available time series are afflicted wi_th a considerable degree of multicollinearity and not devoid of measurement errors. Apart from its own interest it is therefore interesting to study the estimation of the twolevel CES production function as an example of some of the difficulties that show up in many a present-day application of econometric methods.
The present paper provides maximum likelihood estimates of the parameters of the two-level CES production function, obtained by direct t Paper to be presented at the Third World Congress of the Econometric Society at Toronto, August 20-26, 1975. 1 A notable exception is a recent paper by Mizon (1974) . estimation of this function. In addition it is shown how a Bayesian analysis of the problem may increase the chances to find a solution to the difficulties mentioned in the preceding paragraph. When faced with the problem of multicollinearity, a common procedure is to pinpoint one or more parameters at a predetermined value. It is demonstrated how numerical integration of the posterior distribution may give an indication as to which parameter has to be pinpointed and at which value. It should be remarked at the outset, that the purpose of this paper is not to give a full-fledged Bayesian analysis, but rather to demonstrate how a Bayesian analysis may be. helpful in solving estimation problems, that otherwise are to be solved by trial and error methods, which in many cases will prove to be too costly and too time-consuming.
The plan of the paper is as follows. Section 2 outlines the model and its underlying assumptions. Section 3 deals with the nature of the data used in the estimation procedure and with the effects on the parameters of the transformation to index numbers. Section 4, finally, discusses the Bayesian and maximum-likelihood approaches to the estimation of the model and presents the results.
. THE MODEL In this paper we suppose that production takes place according to the following two-level CES production function
where Vt denotes value added in constant prices, and Kit, K2t, and Lt are measures for the inputs of services of structures, equipment, and labor, respectively y is usually called the efficiency parameter, g is the rate of Hicks-neutral growth, and p i and p2 are so-called substitution parameters.
Defining
(2.2)
it is wellknown that a may be used to measure the substitution ;possibilities between structures and the mixture of labour and_equipment while 92 measures the possibilities to substitute equipment for labor.
The 0 i (I = 1, 2, 3) are parameters that, in fact, adjust the dimensions. The disturbance term c t indicates that production is subject to random influences like weather conditions, unexpected breakdowns of machines etc. This random nature leads us to suppose that the entrepreneur will aim at maximizing the mathematical expectation of profits, i.e., and L* ' respectively. The model is then completed with three equations t giving the quantity of factor services demanded in terms of their optimal v. levels and a multiplicative random term e it (i = 1, 2, 3), say, and four definitional equations, linking quantities of output and factor services demanded with quantities supplied.
As a straightforward generalization of the result obtained by Hodges (1969) it can be shown that if the disturbance terms v l .
(1 = 1, 2, 3) are t statistically independent of et in (2.1), Kit (1 = 1, 2) and Lt are independent of et as well. Consequently consistent estimates of the parameters of the two-level CES production function can be obtained by direct estimation of (2.1), provided that the assumptions of this section hold good.
DATA AND INDEX NUMBER TRANSFORMS
Apart from the time series for structures the data that have been used in the estimation procedure are the same as in Schim van der Loeff and Harkema (1974) , to which the interested reader is referred for a detailed discussion, as well as the data themselves. For structures a somewhat crude series has been constructed on the basis of figures on gross investment in structures in the Dutch manufacturi ng sector, Iv and the relationshi p (3.1)
where 4 is the rate of depreciation . In accordance with the findings of Jorgenson and Griliches (1967) , the value of 6 has been set equal to 0.0513. Given an initial stock of structures or, equivalentl y, an initial growth rate of the stock of structures an index of inputs of services of structures can be constructed , under the,admitte dly crude, assumption that the services are proportiona l to stock. Since this assumption was thought untenable for equipment and labor, an index of inputs of services of equipment was constructed on the basis of a series of total energy consumption of the Dutch manufacturin g sector; in addition the series of labor volume was corrected for effects of sex, age, and, schooling. For output a series of gross value added 'against factor prices has been used.
Since some of the data are only available in index numbers, the production function has been rewritten in terms of index numberp. Dividing (2.1) through by the production function in the base period t = 0 yields (E w 3t
As (3.4) and (3.5) also apply in the base period, some simple algebraic operations are sufficient to show that (3.3), (3.4), and (3.5) give rise to the following equalities During the last decade much research has been done and much information has become available about elasticities of substitution between capital and labor. Therefore an obvious way out seems to consist of incorporatin g this information into the estimation procedure by passing to a Bayesian approach. A 'similar analysis has been carried out by Sankar (1970) for the case of the ordinary CES production function. Following his line of approach,
•the joint prior distribution for 6 1' 6 2' g ' and h (the precision of the disturbance ct), given the parameters al and a2 in (2.2) is specified to be of the following (diffuse) form PCs s h/al < 1, g < 00, and < h< 00
As regards the parameters al and (12, it can be shown that a2 represents the (direct) elasticity of substitution between labor and equipment. for one of which -the ,first diagram -a conditional maximum for p 1 and 6 1 is found as indicated. For the other set the "maximum" is to be found on the 6 = 0-axis. The conclusion seems warranted, that by the process of 1 numerical integration the high but narrow ridge along the 61 = 0-axis is given a mall weight and the mass of the distribution is found in the lower area more to the left in the figure.
The modes of the respective marginal posterior distributions may be expected to give an indication as to which parameter should preferably be pinpointed in order to obtain conditional maximum likelihood estimates of the parameters of the two-level CES production function. As the mode of the marginal posterior distribution of 62 deviates substantially from the theoretical value of this parameter computed according to (3.6) under the assumption of perfectly competitive markets for factor supplies, viz., 0.24, it was decided to experiment with values of 6 2 pinpointed around 0.55, viz., the mode of the posterior distribution of 62 . At values below 0.64 for 6 2 the parameter 6 1 attained its lower bound, i.e. zero. The conditional maximum likelihood estimates for the parameters g, p2, 61, and p1' given that 6 2 takes on the value 0.64, are given in Table 1 As can be seen the standard errors are quite large, which points to multicollinearity as could be expected in view of the short (15 years) time series available. In fact the correlation coefficient between the estimates of 6 1 and p 1' as calculated from the estimated covariance matrix, is -0.92.
The preceding analysis demonstrates the usefulness of a Bayesian approach, where the structure of the model -in this case intrinsically non-linear and with a definite secondary optimum at 61 = 0, where p l may take on any value -and the lack of sufficiently long time series, provide for a situation where unconstrained maximum likelihood estimates prove unsatisfactory. It tries to make plausible the point that, apart from its own relevance, a Bayesian approach may also be a useful tool for obtaining (conditional) maximum likelihood estimates, because of the process of numerical integration, which indicates where the mass of the likelihood function is concentrated.
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